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1. Introduction 

Let A be a topological space and A be a family of subsets of X. We define classes Xa{A) and 
Pa (A) in the following way: Ao(A) = A, Qo{A) = {A \ A : A G A} and for all 1 < cr < Wi let 

OO 

a;(A) = I An i A„ G Qjs{A) , 71 = 1, 2, . . . | , 

n=l p<a 

OO 

ga{A) = [\jAn:Ane [j^A), 77 = 1,2,...}. 

n=l h<a 

If A is the collection of all /functionally/ closed subsets of A, then elements of A/, (A) or Pa (A) are 
called sets of the a ’th /functionally/ multiplicative class or sets of the a ’th /functionally/ additive 
class, respectively; elements of the family Aa(A) nPa(A) are called /functionally/ ambiguous sets 
of the class a. 

A mapping f : X ^ Y between topological spaces belongs to the a ’th /functionally/ Lebesgue 
class, if the preimage f~^(y) of any open set K C A is of the cr’th /functionally/ additive class 
a in A. The collection of all mappings of the cr’th /functionally/ Lebesgue class we denote by 
Ha(A, A) /Ka(A, A)/. Notice that Ha(A, A) = Ka(A, A) for any perfectly normal space A and 
any topological space A. 

By C(A, A) we denote the class of all continuous mappings between A and A. 

Let ‘hi(A, A) = Hi (A, A) and for all 1 < a < wi the symbol <ho(A, A) stands for the collection 
of all mappings between A and A which are pointwise limits of sequences of mappings from 

IJ <I)^(A, A). The next result is the classical Banach’s theorem jl|. 

g<a 

Theorem A. Let X be a metric space, Y be a metric separable space and 0 < a < ui. Then 
(%) <h„(A,A)=H„(A,A), %fa<oj^, 
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(tt) $„(X,y) = if a>Uo. 

R. Hansell in Q introduced the concept of a-discrete mapping as a convenient tool for the 
investigation of mappings with values in non-separable spaces. A mapping / : X —)■ R is a-discrete 

OO 

if there exists a family B = IJ of subsets of X such that every family Bn is discrete in X and 

n=l 

the preimage of any open set R in R is a union of sets from B. Class of all cr-discrete 

mappings between X and Y is denoted by S(X, Y). In j^, Theorem 7] Hansell proved the following 
generalization of Banach’s theorem. 


Theorem B. Let X be a perfect space, Y be a metric space and 0 < a < wi. Then 


(%) <h«(x,y)ns(x,y) = H,(x,y)nE(x,y), %fa<uo, 
(ii) d)«(x,y)nE(x,y) = H,+i(x,y)ns(x,y), ifa>u^. 


In this paper we develop technique from and and prove an analogue of Theorem [B] for 
an arbitrary topological space X. To do this we introduce classes of mappings F). Namely, 

OO 

a mapping f : X ^ Y belongs to Y), where 0 < a < Wi, if there exist a family B = [J Bn 

n=l 


OO 

of functionally ambiguous sets of the class a in X and a family U = IJ of functionally open 

n=l 


subsets of X, where Un = {Ub '■ B E Bn), such that every family Un is discrete in X, B Y Ub for 
every B E Bn and the preimage f~^{V) of any open set R in F is a union of sets from B. Properties 
of this class are studied in Section |21 Let us observe that the class E^(X, F) coincides with the 
class of all cr-discrete mappings of the cr’th Lebesgue class in case X is a perfectly normal space 
and F is a metric space. Auxiliary technical propositions are gathered in Section |3l The forth 
section contains three approximation lemmas which are crucial in the proof of the main theorem. 
In Section [5] we present classes A^ which are close to classes <I)a: let Ai(X, F) = E{(X, F), and 
for all 1 < a < cji let Aa(X, F) be the collection of all mappings between X and F which are 

pointwise limits of sequences of mappings from IJ A^(X, F). The theorem below is the main 

/ 3 <« 


result of the paper. 


Theorem C. Let X be a topological space, Y be a metric space and 0 < a < Wi. Then 

(t) A„(X,F) = E/(X,F), if a <00,, 

(ii) A„(X,F) = S^+,(X,F), ifa> oo,. 

An example at the end of the fifth section shows that the assertion on X in Theorem [B] is 
essential. 


2. Properties of cr-strongly functionally discrete mappings 

Definition 1. A family A = (Aj : z G /) of subsets of a topological space X is called 

1. discrete, if every point of X has an open neighborhood which intersects with at most one 
set from A] 

2. strongly discrete, if there exists a discrete family {Ui : z G /) of open subsets of X such that 
Ai C Lfi for every i E T, 

3. strongly functionally discrete or, briefly, sfd-family, if there exists a discrete family {Ui : i E I) 

of functionally open subsets of X such that A* C Ui for every z G /; 

4. well strongly functionally discrete of well sfd-family, if there exist discrete families {Ui : i E I) 

of functionally open sets and (Fj : z G /) of functionally closed sets such that Ai O Fi Y Ui 

for every i E I. 


Notice that (4) ^ (3) ^ (2) ^ (1) for any X; a topological space X is collectionwise normal 
if and only if every discrete family in X is strongly discrete; if X is normal then (2) (3). 

Definition 2. Let P be a property of a family of sets. A family A is called a a-V-family if 

OO 

^ = IJ An, where every family An has the property V. 

n=l 

Definition 3. A family B of sets of a topological space X is called a base for a mapping f : X ^ Y 
if the preimage f~^{V) of an arbitrary open set i/ in F is a nnion of sets from B. 

Definition 4. If a mapping f : X ^ Y has a base which is a cj-P-family, then we say that / is 
a a-V mapping. 


The collection of all a-V mappings between X and Y we will denote by 

• S(X, F), if P is a property of discreteness; 

• E*(X, F), if P is a property of a strong discreteness; 

• E-^(A, F), if P is a property of a strong fnnctional discreteness. 

By E^(X, F) /SP(A, F)/ we denote the collection of all mappings between X and F which 
has a cr-sfd base of fnnctionally ambignons /mnltiplicative/ sets of the class a in X. 


Remark 1. For any spaces X and F the following relations holds: 

1. F) C S;^(X, F)m if 0 < /3 < a < wp 

2. F) = F)m if 0 < /3 < wp 

3. So^(A,F) CC'(X,F). 


Let us observe that every continuous mapping / : X —)■ F is cr-strongly functionally discrete 
if either X, or F is a metric space, since every metric space has cr-sfd base of open sets. Clearly, 
every mapping with values in a second countable space is cr-sfd. In Hansell proved that any 
Borel measurable mapping / : X —)■ F is cr-discrete if X is a complete metric space and F is a 
metric space. 


Lemma 1. Let 0 < ct < oji, X be a topological space, {Ui : i E I) be a locally finite family of 
functionally open sets in X, (P* : i E I) be a family of sets of the a ’th functionally additive 

/multiplicative/ class in X such that Bi C Ui for every i E I. Then the set B = IJ Bi is of the 

i€l 


a’th functionally additive /multiplicative/ class a in X. 


Proof. For cr = 0 we consider the case each Bi is functionally closed and take a continuous 
function /j : X —)■ [0,1] such that B^ = f/^{0) and X \Ui = f/^{l), i E I. Then the function 
f{x) = min ffix) is continuous and B = /“^(O). 

i^I 

Assume that our proposition is true for all 0 < if < ct and prove it for f = cr. If cr is a limit 
ordinal then we take an increasing sequence of ordinals {oin)'/=i which converges to a. \i a = fi + l 
then we put an = fi for every n E N. 

Let Bi be a set of the cr’th functionally additive class a and {Bi^n)'^=i be a sequence of sets of 

OO 

the a/th functionally multiplicative classes such that Pj = [J Bi n- By the inductive assumption 

n=l 


the set Fn = [J Bi n belongs to the a^’th functionally multiplicative class for every n. Hence, the 
i£l 

oo 

set B = \^B,= {^Fn is of the a’th functionally additive class. 

iG/ n=l 

Now assume that Bi belongs to the a’th functionally multiplicative class for every i G / and 

CO 

take a sequence {Bi^n)'^=i of sets of the a^hh functionally additive classes such that = f] Bi^n- 

n=l 

Notice that each set Gi^n = H Ui is of the a^hh functionally additive class, Gi^n F Ui and 

CO 

Bi = f] Gi^n- Then Gn = U belongs to the a„’th functionally additive class for every n. 

n=l 

CO 

Hence, the set H = P| Gn if of the a’th functionally multiplicative class. 

n=l 

Corollary 2. For anyO < a < Ui a union of an sfd-family of sets of the a’th functionally additive 
/multiplicative/ class in a topological space is a set of the same class. 

Lemma 3. Let X be a topological space and f G S'f(X, H). Then f has a a-sfd base B which is 
a union of a seguence of well sfd-families. 

OO 

Proof. Let B' = IJ be a base for /, where B'n is an sfd-family for every n G N. For all 

n=l 

n eN and B E B'n we take a functionally open set UB,n and a sequence of functionally closed sets 

CO 

(PB,m)m=i such that the family {UB,n '■ B E B'n) is discrete, B C UB,n and UB,n = U Fs,m for 

m=l 

every B E B'. For all n, m G M we put 

CO 

Bn,m = {Bn FB,m ■ B E B'J and B = [J Bn,m- 

n,m=l 

It is easy to see that each Bn,m is well sfd-family and H is a base for /. 

Theorem 4. Let < a < ui, X be a topological space and Y be a topological space with a 
a-disjoint base. Then 

K^{X,Y)nT^{X,Y) CTi{X,Y). 

OO 

Proof. Let / G Ka{X,Y) n S-^(X, P). According to Lemma [3] there exists a base B = [j Bm 

m=l 

for / such that each Bm = {Bi^m '■ i £ Im) is well sfd-family. For all m and i E Im we take a 
functionally open set Lfi^m and a functionally closed set Fi^m in X such that Bi^m F Fi^m F Ui^m 
and the family {Ui^m ■ i G Im) is discrete. 

CO 

Consider a cr-disjoint base V = IJ Vn of open sets in Y. Since / G Ka{X, Y), for every V eV 

n=l 

there exists a sequence of sets of functionally multiplicative classes < a in X such that 

CO 

f~^{V) = IJ Aky. For m,n,k e'N we put 

k=l 

Bm,n,k = {Fi,m C Aky : z G J^, P G V„ and Bi^m F f~^{V)). 

Notice that each family Bm,n,k consists of functionally ambiguous sets of the class a and is strongly 
functionally discrete in X, since the family Bm is strongly functionally discrete and for any 
nonempty set Bi^m ^ Bm there is at most one set P G such that Bi^m ^ /~^(P)- Let 

CO 


We show that Bq is a base for /. Fix f/ G V and verify that 

OO 

r\v)= U U iF^,mnAky). 

m,k=l iGlm 

Since A^y C f~^{V) for every /c, the set in the right side of the equality is contained in f~^{V). 
On the other hand, if x G f~^{V) then x G Aky for some k. Moreover, S is a base for /, 
consequently, there are m and i E Im such that x G C f~^{V). Then x G Fi^rn- 

Proposition 5. Let Q < a < ixi, X and Y he topological spaces. Then 

Ti{X,Y) G K^{X,Y) nTf{X,Y)- 

Proof. Let / G El{X,Y). Clearly, / g Ef{X,Y). We show that / G Let V be an 

OD 

open set in Y and B = B^ be a base for / such that each family B^ is strongly functionally 

m=l 

discrete in X and consists of functionally ambiguous sets of the class a. Then there exists a 
subfamily By G B such that f~^{V) = {jBv- For every m G N we denote = {B e By ■ B e 
Bm). Corollary [2] implies that every set Bm = U'^m belongs to the a’th functionally additive class 

CX) 

in X. Moreover, f~^(y) = IJ B^- Hence, / G Ka{X,Y). 

m=l 

Theorem 0] and Proposition [5] imply 

Theorem 6. Let 0 < a < ui, X be a topological space and Y be a space with a a-disjoint base. 
Then 

K^{X,Y)nT^{X,Y) = Ti{X,Y). 

Proposition 7. Let 0 < a < Ui, X, Y and Z be topological spaces, f G T,{^{X,Y), g G T,{^(Y, Z) 
and let h : X ^ Y X Z is defined by 

h{x) = {f{x),g{x)) 

for every x ^ X. Then h G (X, Y x Z). 

OO OO 

Proof. Let Bf = [j Bnj and Bg = [j Bm,g be a-sfd bases of functionally ambiguous sets of the 

n=l m=l 

class a for / and g, respectively. For all n, m G N we put 

Bn,m = {Bf 0 Bg : Bf E BnJ, Bg G Bm,g}- 

OO 

It is easy to see that B = IJ Bn^m is a cr-sfd base for h which consists of functionally ambiguous 

n,m=l 

sets of the class a in X. 

Definition 5. We say that a family (H* : i E I) is a partition of a space X if X = IJ and 

iei 

Ai n Aj = (tl for i 7^ j. 

Proposition 8. Let 0 < a < ui, (X„ : n E N) be a partition of a topological space X by 
functionally ambiguous sets of the class a, {fn)'l^=i be a seguence of mappings from S{(X, X) and 
f{x) = fn{x) if X E Xn for some n. Then f E Sf(X, X). 

Proof. Let Bn be a cr-sfd base for a mapping /„ which consists of functionally ambiguous sets 
of the class ct in X. Let 

OO 

B= [j{BnXn: B EBn). 

71=1 

It is easy to see that H is a cr-sfd base for / which consists of functionally ambiguous sets of the 
cr’th class. 


3. Auxiliary facts on functionally measurable sets 

The proofs of the next two lemmas are completely similar to the proofs of Theorem 2 from j^, 
p. 350] and Theorem 2 from j^, p. 357]. 

Lemma 9. Let 0 < a < wi and X be a topological space. Then for any disjoint sets A,B<TX of 
the a ’th functionally multiplicative class there exists a functionally ambiguous set C of the class 
a such that A C C X \ B. 

Lemma 10. If A is a functionally ambiguous set of the (a + 1) ’th class in a topological space X, 
where a is a limit ordinal, then there exists a seguence {An)'^^i of functionally ambiguous sets of 
classes < a such that 


OO CO CO CO 

n=lk=0 n=lk=0 

The dehnition of sfd-family easily implies the following fact. 

Lemma 11. Let Ai,..., An be sfd-families of subsets of a topological space X, A^ = \JAk for 
k = 1,... ,n and the family {A^ : k = 1,... ,n) is strongly functionally discrete. Then the family 

n 

A= [j Ak is strongly functionally discrete. 

k=l 

Lemma 12. Let 0 < a < oji, A be a disjoint a-sfd family of functionally additive sets of the a’th 
class in a topological space X. Then for any A ^ A there exists an increasing seguence 

OO 

of functionally ambiguous sets of the class a such that A = [J and the family ■. A E A) 

n=l 

is strongly functionally discrete for every n eN. 

If a = j3 + 1, then every set can be chosen from the ft’th functionally multiplicative class. 


Proof. Let a = 1 and A. = IJ Ak, where Ak is an sfd-family of sets of the hrst functionally 

k=l 

additive class and (uAfc) fl (uAj) = 0 for k ^ j. For every Ae Awe take an increasing sequence 

OO 

of functionally closed sets such that A = [J B^. Now for all A G A and n G M we put 

n=l 

=l ’ if A G Afc for k<n, 

" I 0, if A G Afc for A: > n. 

Then : A G A) = IJ {B^ : A G Ak) for every n. Since every family Bk = {B^ : A G Ak) is 

k<n 

strongly functionally discrete, the set Bk = [jBk is functionally closed. Moreover, Bk fl Bm = 0 
for all k m. Since {Bk : A: = 1,..., n) is an sfd-family. Lemma fTTl implies that {F^ : A G A) is 

OO 

also sfd-family. Moreover, A = [J Fjf for every A G A. 

Tl=l 

Assume that the assertion of lemma is true for all 1 < ^ < a and verify it for ^ = a. Consider 
a disjoint sequence of sfd-families Ak which consist of sets of the a’th functionally additive class. 

OO 

For every A G A we take an increasing sequence such that A = [J B^. We may assume 

n=l 

that every set Bf) belongs to the a„’th functionally multiplicative class, where an = fd for every 
nGNifa = /3-|-l, and {an)'lfLi is an increasing sequence of ordinals such that a = supa„ if a is 
a limit ordinal. 


Fix n G N and for every A; = 1,..., n we denote Bk^n = : A G Ak) and Bk^n = Since 

Bl n) • • • 5 Bn^n mntnally disjoint sets of the a^’th fnnctionally mnltiplicative class, Lemma [3 
implies that there exist mntnally disjoint fnnctionally ambignous sets Ci^n, ■ ■ ■, Cn,n of the class 

OO 

snch that Bk^n ^ C'fc.n for every A; = 1,..., n. By the indnctive assnmption Ck,n = u Ck,n,m and 

m=l 

for every m G N the family {Ck,n,m : A: = 1,..., n) is strongly fnnctionally discrete and consists of 
fnnctionally ambignons sets of the class On¬ 
Now for all n, m G N and A & Awe pnt 

A Bn A Ck,m,n) H A E Ak for k < u, 

I 0, if ^4 G for k > n. 

Then : A e A) = [j (B^ H Ck,m,n ■■ A eAk). 

k<n 

Fix n, m G M and for every A: = 1,..., n we pnt 


Bk = {Bn n Ck,m,n ■ A G Ak) ■ 


Notice that every family Vk is strongly fnnctionally discrete and consists of fnnctionally ambignons 
sets of the class a. Then the set Dk = \jBk is fnnctionally ambignons of the class a for k = 
Moreover, Dk fl Dm = 0 for all k ^ m. Since the family {Dk : k = l,...,n) is 
strongly fnnctionally discrete. Lemma ITT] implies that {Dnm : ^ G M) is an sfd-family. Moreover, 

OO 

^ = U -Dn,m foi' every A E A. 

n,m=l 

In case o = /3 + 1 for all n, m G N and ^4 G M we choose an increasing seqnence {B>nmk)T=i 

OO 

of fnnctionally mnltiplicative class /3 snch that D^m = U Clearly, {D^ , : yl G M) is an 

k=l 

OO 

sfd-family for all n, m, k and A = IJ D^^ 

n,m,fc=l 

Lemma 13. Let 0 < a < 
functionally multiplicative 
families of sets of the a ’th 

OO 

1- U “< A, 

n=l 

2. An -< An+l, 

3. An is an sfd-family, 

OO 

A. [j[j An = x 

n=l 

for every n G N. 

OO 

Proof. Let A= Bk and let Bk be an sfd-family of sets of the a’th fnnctionally mnltiplicative 

k=l 

class. For every A: G N we pnt 

OO 

Ck = {B\[j[jB,-.BEBk) and C = (J C^. 

j<k k=l 

Then C is a disjoint a-sfd family of sets of the {a l)’th fnnctionally additive class, C -< A and 
\JC = X. By Lemma IT^ for every C E C there exists an increasing seqnence {Dn)’^^i of sets of 

OO 

the a’th fnnctionally mnltiplicative class snch that C = [j Df^ and the family {D^ : C E C) is 

n=l 

strongly fnnctionally discrete for every n G M. 

It remains to pnt An = ( U D^ : C E C) ioi n E N. 

k<n 


Ui, X be a topological space, A he an a-sfd family of sets of the a’th 
class such that = X. Then there exists a sequence {An)'^=i of 
functionally multiplicative class such that 


4. Approximation lemmas 


Definition 6. We say that a sequence (/n)^i of mappings fn-X^Y is stably convergent to 
f : X ^ Y and denote this fact by /„ —> /, if for every x G X there exists Uq G N such that 
fn{x) = /(x) for all n > Hq. 

If A C Y^, then the symbol A stands for the set of all stable limits of sequences from A. 

Lemma 14. Let X, Y he topological spaces, ■ i G Im))m=i ® seguence of sfd-families 

of sets of the {a + 1) ’th functionally ambiguous sets in X, a be a limit ordinal, let the family 
{Bm = U -Bi,m : m G N) be a partition of X, « £ Im))m=i ® seguence of points from Y 

i^Im 

and let f ■. X ^ Y is defined by 

f (^) Vi, mi 

-7- st 

if X & Bi m for some m G N and i G Im- Then f G Tf^{X, Y) . 


Proof. Fix m G M. Since B^ is functionally ambiguous set of the class {a + 1) in X by 
Corollary [H Lemma ITO] implies that there exists a sequence of functionally ambiguous 

sets of classes < a such that 


=u n =n u 


m,n+k ■ 


n=lk=0 


n=l A:=0 


( 2 ) 


Moreover, there exists a discrete family {Ui^m '■ i £ Im) of functionally open sets in X such that 
Bi,m C for every i e Im- 
For all m, n G N we put 


Dm,n — Cm,n \ 


k.ri' 


k<m 


Notice that every Dm,n is a functionally ambiguous set of a class < a. Moreover, 


(Vx G X) [3m^ G N) {3nx G N) (Vn > n^) (x G Dra,,,n)- 


(3) 


Indeed, if x G X, then there exists a unique number nix such that x G Bm„ and x ^ Bk for all 
k 7 ^ mx- Then the equality [3]) implies that there are numbers Xi,..., such that 


X 


^ U ii k < mx and x G C”, 

n>Nk 


rrix^n- 


n>Nrr 


Hence, for all n> Ux = max{Xi,..., X^^} we have x G Dm„,,n- 

Let yo be any point from : i G Ji}. Fix n E N and for all x G X let 

f i 'I = / if ^ ^ ^rn,n C Ui^m for some m <n and i G Im, 

Jn[x) otherwise. 


Observe that /„ : X —)■ X is defined correctly, since the family {Ui^m ■ i £ Im) is discrete for every 
m and the family {Dm,n : m < n) if disjoint. 

We show that fn G S<q(X, Y). For m = 1,..., n — 1 let Bm = {Dm,n O Ui^m ■ i G Im) and let 

n 

Bn be a family which consists of the set (X \ IJ U ^m) ■ Clearly, B = [J Bm is cr-sfd family of 

m<n m=l 

functionally ambiguous sets of classes < a. It follows from the definition of /„ that H is a base 

for fn- 

st 

It remains to prove that fn — > f on X. Indeed, if x G X, then there exist m G N and i E Im 
such that X G Bi^m ^ Ci,m- Then /(x) = yi^m- It follows from (|3]) that there exists a number 
hq > m with X G Dm,n for all n > uq. Then fn{x) = yi^m for all n > no- Hence, fn{,x) = /(x) for 
all n > no- 



Lemma 15. Let a < oji be a limit ordinal, X be a topological space, Y be a metric space and 

—f - 

/ G . Then there exists a sequence of mappings fn G T,f^{X,Y) which is uniformly 

convergent to f on X. 

Proof. Let be a cr-sfd base for / which consists of functionally ambiguous sets of the class 
(a + 1) in X. For every n G N we consider a covering Un of Y by open balls of diameters < ^ and 
put 


Bn = {BeB:3U eUn \ BCf-\U)). 

Then Bn is a cr-sfd family of functionally ambiguous sets of the class (ct + 1), diam f{B) < - for 
every B ^ Bn and X = UBn for every n G N. 

OO 

Fix n G N and let Bn = [J Bn,m, where Bn,m is an sfd-family of functionally ambiguous sets 

m=l 

of the class (a 1). We put An,i = Bn,i and An,m = [B \ [[j IJ Bn,k) ■ B G Bn,m) for m > 1. 

k<m 

Notice that for every m eN the set An^m = AAn,m is functionally ambiguous of the class {a + 1) 
and the family [Am : m G N) is a partition of X. For every A G An,m we choose an arbitrary 
point Pnm ^ /(^)- We define a mapping fn-X^Yhj 

fn{x) = 

- 7 - st 

if X G A for some m G M and A G An,m- Then fn G S4q,(^, Y) by Lemma [TH 

It remains to verify that {fn)^=i converges uniformly to /. Indeed, ii x E X and n G N, then 
fn{,x) = ynm ^ f {A) for some m G N and A E An,m- Since A C i? for some B E Bn,m, 

d{f{x),fn{x)) < diam/(5) < 

n 


which completes the proof. 

Lemma 16. Let 0 < a < Ui, X be a topological space, (Y, d) be a metric space, f : X ^ Y be a 
mapping, Ai,, An be families of subsets of X such that 

(i) Ak is an sfd-family of sets of the a’th functionally multiplicative class; 

(a) Ak+i Y Ak for k < n; 

(Hi) diam(/(74)) < for all A E Ak 

for every k = 1,... ,n. Then there exists a mapping g G Y) such that the inclusion x G UAk 

for k = 1,... ,n implies the inequality 


d{f{x),g{x)) < ^. (4) 

Proof. Let Ak = {Ai^k ■ i E h) and {Ui^k ■ i E Ik) be discrete families of functionally open sets 
in X such that Ai^k ^ Ui^k for every i E Ik and k = 1,... ,n. 

By Lemma [9] there exists a family {Bi i : i E Ii) of functionally ambiguous sets of the class 
a such that Ai^i C Bi i C Ui^i. Since A 2 -< Ai, for every i E I 2 there exists a unique j G Ji 
such that v4j 2 ^ Aj^i. Notice that Ui ^2 Fl Bj i is a functionally ambiguous set of the class a 
and applying Lemma |9] we obtain a functionally ambiguous set Bi 2 of the class a such that 
Ai ^2 ^ Bi 2 C [/j 2 n Bj i. Proceeding in this way we obtain a sequence {{Bi^k '■ i F Ik))k=i of 
families of subsets of X such that 





• Bi^k C Ui^k for every z G 4; 

• Bi j. is a functionally ambiguous set of the class a for every i E Ik', 

• for every k < n and for every i G 4+i there exists a unique j G 4 such that 

^ -^j,k, (5) 

I^i,k+1 ^ Bi k+1 ^ Bjk- ( 6 ) 

for all A: = 1,..., n. Observe that for every k the set 

Bk = [^ Bi^k 

iG.Ik 

is functionally ambiguous of the class a according to Corollary [1] 

We take any points z/o ^ and t/i^k £ f{.^i,k) for every k and i G Ik- For all x G X we put 


9o{x) = Vo- 


Assume that for some k < n we have already dehned mappings gi, ■ ■ ■ ,gk from y) such 

that 


f gk-i{x), if X e X\Bk, 

\ Hi^k, if X G Bi^k for some z G 4- 


(7) 


We put 

„ (r\ = l ^ EX\Bk+i, 

^ \ Vi^k+i, if a: G Bi^k+i for some i G 4+i- 

Then gk+i G T,[,{X,Y) by Lemma 0 Repeating inductively this process we obtain mappings 
Qi, ... ,gn from Y) each of which satishes ([7]). 

Now we prove that 


d{gk+i{x),gk{x)) < ^ 


( 8 ) 


for all 0 < fc < n and x E X. Indeed, if x G X \ Bk+i, then gk+i{x) = gk{x) and 
d{gk+i{x), gk{x)) = 0. Assume that x G for some z G 4+i and choose j E Ik such that ([5]) 

and (E]) holds. Then gk+i{x) = yi^k+i and gk{x) = yj^k. Since f{Ai^k+i) ^ f{Aj^k), yi,k+i e f{^j,k)- 
Hence, d{gk+i{x), gk{x)) < diam(/(Aj,fc)) 

^ 2fc+2• 

We put g = gn and show that (01) holds. Let 1 < fc < n and x G U^fc. Then x G Ai^k ^ Bi^k 
for some i E Ik- It follows that gk{x) = yi^k and consequently 


d{f{x),gk{x)) < diam(/(Ai,fc)) < 
Taking into account ([8]) we obtain that 


n—1 

dif{x),gn{x)) < d{f{x),gkix)) + ^ d{gi{x), gi+i{x)) 

i=k 


1 ^ 1 ^ 1 
2^+2 fo 2 ^^^ ^ 2 ^' 







5. A generalization of Banach’s theorem 


Let X, Y he topological spaces and A C . By A we denote the set of all pointwise limits 
of seqnences of mappings from A. 

We pnt 

Ai(x,y) = s((x,y) 

and for all 1 < a < Wi let 

A„(A,y)= IJ A^(A,y)". 

fi<a 


Clearly, 


A^(A,y) c A„(x,y), 


if /3 < a. Moreover, 

A„+i(A, Y) = K{XX)\ 


and if a = snp is a limit ordinal, then 


A„(A-,y)= 1JA„.(X,K) 

n=l 


Theorem 17. Let X be a topological space, {Y, d) he a metric space. Then 

(t) S/(A, y) C A„(X, Y),ifl<a< uo; 

(ii) ^a+l (A,y) C A„(A,y), ifojo<a<u^. 


Proof. The proposition is obvions for a = 1. Assnme it is trne for all 1 < /3 < a and prove the 
proposition for j3 = a. 

Let a < ujq and let / be a mapping from y) = y) with a cr-sfd base B which 

consists of sets of the (a — l)’th fnnctionally mnltiplicative class in X. For every A; G M we consider 
a covering lik of Y by open balls of diameters < ^ and pnt 

Bk = {BeB:^U eUk I BYf-\U)). 


Then Bk is a a-sfd family and X = UBk for every k. By Lemma dT] for every /c G M there exists 
a seqnence {Bk,n)'^=i of sfd families of sets of the (a — l)’th fnnctionally mnltiplicative class in X 

OO OO 

snch that IJ Bk^n -< Bk, Bk,n -< Bk^n+i and IJ IJ Bk^n = X for every n G N. For all k,n E N we 

n=l n=l 

pnt 

iFk,n = {Bi n ■ ■ ■ n Bk : Bjn e Bm,n, I < m < k). 

Notice that every family iFk,n is strongly fnnctionally discrete, consists of sets of the (a — l)’th 
fnnctionally mnltiplicative class and 

(a) Xk-\-l,n y Xk,n, 

(b) Xk^n y Xk,n+1, 

OO 

(c) U Xk,n = X. 

n=l 

For every n G N we apply Lemma [16] to the mapping / and to the families ‘^ 2 ,nv ■ • 
and obtain a seqnence of mappings gn G y) snch that the inclusion x G VXFk,n ioi k <n 

implies the inequality 


d{f{x),gn{x)) < 





We prove that gn ^ f pointwise on X. Fix x G X and e > 0. Let A: G N be a number such 
that ^ < e. Conditions (b) and (c) imply that there exists Uq > k such that x G Jhc,n for all 
n > hq. Then for all n > no we have d{f{x),gn{x)) < ^ < e. 

Since gn G Aa_i(X, Y) for every n by the inductive assumption, / G Aa{X, Y). Therefore, the 
proposition (i) is proved for all a < uq. 

Now let a > Wo be a limit ordinal and / G Y). Lemma [15] implies that there exists a 

-7-St 

sequence of mappings /„ G y) which converges uniformly to / on X. Without loss of 

generality we may assume that 

d{fn+i{x)Jn{x)) < ^ 

for all X G X and n G N. For every n G N there exists a sequence of mappings ^ Y) 

such that 

P St p 

Jn,m ^ Jn 
m^oo 

on X. For every x G X we put ho^rn{x) = fo^m{x) for every m G N. Suppose that we have already 
dehned sequences of mappings {hk,m)m=i f®^ some n G M and for every Q <k <n such that 

(a) hk,m fk for all 0 < fc < n; 

(b) hk,m £ L1<q,(X, Y) for all 0 < A: < n and m G N; 

(c) d{hk+i,mix), hk,m{x)) < ^ for all 0 < A; < n, m G N and x G X. 

For every m G N we consider the set 


A 


m 


X G X . d(^fn-\-l,m(^X^, hfi^rnixy) 


and put 


h. 


'n+l,: 


= f if a; G A 

1 hn,m(x), if X ^ A, 


m? 

m ■ 


We check the condition (a) for the sequence (hn+i,m)m=i- If a: G X, then there exists a number 
mo such that fn+i,m(x) = fn+i(x) and fn,m(x) = fn(x) for all m > mg. Then 

d{fn+l,m{x) , hn^m{x)) d(^fn-\-l{x),fn{x)) < 

for all m > mo- Hence, x G Am for all m > mo- Consequently, hn+i,m{x) = fn+i,m{x), which 
implies that 


h 


st 


n+l,m 




on X. 

Now we check the condition (b). For every m E N the mapping ip{x) = d{fn+i,m{x), hn,m{,x)) 
belongs to a class SfQ,(X, R) according to Proposition [71 Hence, every set Am = oo, ■^)) 

is functionally ambiguous of a class < a. Thus, hn+i,m £ S:^„(X, y) by Proposition [HI 

Finally, we check the condition (c). Let x G X and m E N. If x G Am, then hn+i,m{x) = 
fn+i,m{x), and if X ^ Am, then hn+i,m{x) = hn,m{x). In both cases 


d{hn+l,rnix') ,hri^m{xy) • 

Therefore, we have constructed sequences of mappings {hn,m)m=i which satisfy (a)-(c) for every 
nE'H. 



We prove that hn,n —t / pointwise on X. Fix x E X and e > 0. Choose no G N such that 

’ n^oo 

d{f{x)Jno{x)) < ^ < |. 

There exists a number ni > no such that 

hnQ,n{x') fngi^x') 

for all n > ni- Hence, for all n > ni we have 

n-l ^ ^ 

d{f{x),hn,n{x)) < d{f{x), fnoix)) + ^ d{hk,n{x), hk+l,n{x)) < ^ + ^ < ^- 

k=nQ 

By the inductive assumption hn,n G for every n G N. Hence, / G Aa{X,Y). Conse¬ 

quently, the proposition (i) is proved for all a < cuo and the proposition (ii) is proved for all limit 
ordinals a. 

It a = (3 + m, where is a limit ordinal and m G N, and / G Y), then, by the same 

method as in proof of (i), one can show that there exists a sequence of mappings gn G Y) 

which is pointwise convergent to / on X. By the inductive assumption, gn G A^_|_m-i(W, H), and 
hence / G Aa{X, Y). 

Theorem 18. Let X be a topologieal spaee, Y be a spaee with a a-disjoint base. Then the elass 
S-^(X, y) is closed under pointwise limits. 

Proof. Let (/n)5^i be a sequence of mappings /„ G S-^(X, T) which converges pointwise to a 
mapping f : X ^ Y. We show that / G Y). 

OO OD 

Consider a a-disjoint base V = IJ Vm of Y and a a-sfd base Bn = \J Bn,m for /„, n G N. 

m=l m=l 

OO 

Denote B = [J Bn and for every B E B we put 

n=l 

Vs = (fo G V : 3n I fn{B) C P). 

Notice that the family Vb is at most countable, since every family Vm is disjoint. Enumerate the 
family Vb in a sequence (Vb,A: : A: G N). For all n, m, /c G N we put 

Bn,m,k = (B n f ^(Vb,A:) ^ B E Bn,m)- 

Clearly, Bn,m,k is an sfd-family. It remains to prove that the family 

B = [J Bn,m,k 

n,m,k 

is a base for /. Let V G V and x G /“^(V). Take a number n such that fn{x) E V. Since Bn is 
a base for /„, there are m E N and B E Bn,m such that x E B Then V E Vb- Hence, 

xEBnf-\VB,k)Yf-\V). 

Theorem 19. Let X be a topological space, Y be a perfectly normal space, 0 < a < Ui and let 
(/n)j^i be a seguence of mappings fn G Ka{X,Y) which converges pointwise to a mapping f : 
X ^Y. Then f E K^+i{X,Y). 



Proof. Let F be a closed subset of Y and be a decreasing sequence of open subsets of 

Y such that 

OO OO 

F=n =n 

n=l n=l 


It follows from the equality lim fn(x) = /(x) for every x G A that 

n—>-oo 


OO OO 

U Y(Gn). 

n=lk=n+l 

Since fk G Ka{X,Y), for every n the set fj^^{Gn) belongs to the a’th functionally additive class, 
hence, f~^{F) is a set of the {a + l)’th functionally multiplicative class in X. 

Theorem 20. Let X be a topological space, Y be a perfectly normal space with a a-disjoint base 
and 0 < a < Ui- Then 

(i) K{X,Y) YT.l{X,Y), zfa<uo, 

(n) K{X,Y) — ^a+l {X,Y), ifa>Uo. 

Proof. The theorem is obvious for a = 1. Assume it is true for all 1 < /5 < a and prove it for 
/3 = a. Let / e A„(X,y). 

We consider the case a = jd + 1 and take a sequence (/„)^^ of mappings /„ G Ky{X,Y) 
which is pointwise convergent to / on X. By the assumption /„ G S^(A, P) in case a is 
hnite, or /„ G Sq,(X, P) in case a is inhnite. Then, respectively, /„ G Ky{X,Y) n E'f(A, P) 
or fn G Ka{X,Y) n S'f(A, P) by Theorem [6l Applying Theorems [18] and [19] we obtain that 
/ G A„(A, P) n S^(A, P) = S/(A, P) if a < cuo, or / G K^+i{X, Y) n E/(A, P) 

— ^a+l 

if a > ojq. 

Now we suppose that a = sup q;„ is a limit ordinal and let (/n)5^Li be a sequence of mappings 
fn G Aq,^(X, P) which converges pointwise to / on X. By the assumption fn G (X, P) C 

S^(X, P) for every n. Theorems [6] [18] and [19] imply that / G X;^_,_^(X, P) fl E'f(X, P) = 

sLiWr). 

Combining Theorems [T71 and [201 we get the following result. 

Theorem 21. Let X be a topological space, Y be a metric space and < a < ui. Then 

(t) A„(X,P) = E/(X,P), tfa<uJo, 

(it) A„(X,P) = E^+i(X,P), if a > 000. 

Finally, we show that the condition on X to be perfect in Theorem [B] is essential. 

Example 1. There exists a normal space X such that H 2 (X, R) ^ <I) 2 (X, R). 

Proof. Let A be a G^ff-set which is not an Fa& -set in R, and let X = (R, r) be the real line with 
a topology r such that a basic neighborhood of x G R \ A is the set {x} and a basic neighborhood 
of X G A is an interval (x — £, x -|- e:), £ > 0. The normality of X follows from j^. Example 5.1.22]. 

Since every open set in R is open in X, A is Gsa in X. Moreover, A is closed in X, therefore, A 
is an ambiguous set of the second class in X. Hence, the characteristic function f = xa '■ X ^ M. 
of A belongs to the class H 2 (X, R). 

Notice that the normality of X implies the equality Hi(X, R) = Ki(X, R) (see [3, Proposition 
1.8]). Then <I) 2 (X,R) = A 2 (X,R). 


We prove that / ^ I^)- To obtain a contradiction, suppose that / G A 2 (X, M). By 

Theorem [?I] there exists a sequence of functions /„ G S((X, M) = Ki(X, M) which converges 
pointwise to / on X. Notice that every function /„ : X —)■ R is of the first Baire class (see for 

instance [^). Hence, / : X —)■ R is the function of the second Baire class. Let (/n,m)“m=i tie 

a sequence of continuous functions on X such that /(x) = lim lim fn,m{x) for every x G X. 

The dehnition of r implies that for all n,m the set A is contained in the set C{fn,m) of all 

points of continuity of fn,m on R. It is well-known that C{fn,m) is a G^-subset of R. We put 

OO 

B = Pi C{fn,m)- Then H is a G^-set in R which contains A and the restriction /|s belongs to 

n,m=l 

the second Baire class in the Euclidean topology. Since A = (/|b)“^((0, 1]), A is an Fo-^-subset of 
B and, consequently, is an F^-^-subset of R, a contradiction. 

References 

[1] S. Banach, Uver analytisch darstellbare Operationen in abstrakten Rdumen, Fund. Math. 17 (1) 
(1931), 283-295. 

[2] R. Engelking, General Topology. Revised and completed edition. Heldermann Verlag, Berlin (1989). 

[3] M. Fosgerau, When are Borel functions Baire functions?, Fund. Math. 143 (1993), 137-152. 

[4] R.W. Hansell, Borel measurable mappings for nonseparable metric spaces, Trans. Amer. Math. Soc. 
161 (1971), 145-169. 

[5] R.W. Hansell, On Borel mappings and Baire functions, Trans. Amer. Math. Soc. 194 (1974), 145- 
169. 

[6] K. Kuratowski, Topology. Volume 1, Academic Press (1966). 

[7] L. Vesely, Characterization of Baire-one functions between topological spaces, Acta Univ. Carol., 
Math. Phys. 33 (2) (1992), 143-156. 


